In this article, free vibration of Single Walled Carbon Nanotube (SWCNT) resting on exponentially varying Winkler elastic foundation is investigated by using Differential Quadrature Method (DQM). Euler-Bernoulli beam theory is considered in conjunction with the nonlocal elasticity theory of Eringen.
Introduction
Application of nanomaterials has expanded in the area of physics, chemistry, engineering and nanotechnology because of their special properties like mechanical, electrical and electronic [1] . As a result of these properties, nanomaterials play very significant roles in various nanomechanical systems and nanomaterials. These materials include nanowires, nanoparticles, nanotubes, nanotube resonators [2] , nanoactuators [3] etc. Various applications concerning CNT reinforced structure like reinforced beam, plate etc. can be found in the literatures [4] [5] [6] [7] . one may also get detail information about nanobeams and *Corresponding Author: Snehashish Chakraverty: Department of Mathematics, National Institute of Technology, Rourkela-769008, India; Email: sne_chak@yahoo.com Subrat Kumar Jena: Department of Mathematics, National Institute of Technology, Rourkela-769008, India; Email: sjena430@gmail.com nanoplates in the book [8] . Among these nanostructures, single walled carbon nanotubes viz. nanobeams attract more attention due to their great potential in engineering applications. So, one must have appropriate knowledge about the mechanical behaviors of nanobeams for accurate prediction of vibration characteristics. So far, many researchers have been developed various nonclassical continuum theories such as couple stress theory, strain gradient theory, micropolar theory and nonlocal elasticity theory. Out of these nonclassical continuum theories, nonlocal elasticity theory which was developed by Eringen [9] , has been extensively used in the vibration of nanobeams.
During the past years, various elastic foundation models such as Winkler, Pasternak and Flonenko -Borodich foundations have been introduced. It is worth mentioning that the Winkler foundation model has been suggested in 1867 by Winkler which has become one of the fundamental scenario in this regard. Linear algebraic relationship between the normal displacement and the contact pressure [10] is assumed in the modeling of this foundation. This assumption makes it simple to get the closed-form solutions [11, 12] . On the other hand, it also gets a nonlinear behavior with less computations in comparison with other methods [13] [14] [15] [16] [17] . One may see different studies on Winkler elastic foundation in important papers viz. [18, 19] . Finite and infinite beams on a Winkler support have been addressed by Auersch [20] . As regards, Eisenberger and Clastornik [21] studied vibration and buckling of a beam resting on variable Winkler elastic foundation. Also, dynamic behavior of infinite beam has been investigated by Ruge and Birk [22] . Next, Lee [23] studied dynamic response of a Timoshenko beam subject to a moving concentrated mass. Finite strip method has been used by Huang and Thambiratnam [24] to investigate deflection of plates having moving accelerated loads resting on Winkler foundation. Further, Oz and Pakdemirli [25] has also examined resonances of shallow beams with elastic foundations. Elastic foundations with Winkler-Pasternak problems may also be found in [26, 27] . It may be noted that structural problems with elastic foundation have also been solved by few other methods such as differential transform [28] , Rayleigh-Ritz [29] and Harmonic DQ [30, 31] .
For the first time Bellman and Casti [32] introduced Differential Quadrature (DQ) method in the year 1971. One may use this powerful technique for solving linear and nonlinear differential equations arising in various dynamic problems. Later, Bert et al. [33] used this method for solving dynamical problem arising in the field of structural dynamics. Since then, this method is applied by various researchers for solving different types of structural problems such as linear or nonlinear. Different authors introduced different procedures to use edge conditions in the DQ method. In this regard, for the first time Bert et al. [34] proposed δ technique to use edge conditions. In this case [35] , one may observe that one edge condition is used at the boundary point where as other edge condition is at a distance δ from the boundary point. This δ technique may be suitable for c-c edge but this is not useful for S-S and S-C edge conditions. In order to eradicate the shortcomings of the above approach, Bert further presented a new technique in applying edge conditions which may be found in [36] [37] [38] [39] [40] . In this technique, one just need to implement one boundary condition numerically while the other edge condition can be obtained from the DQ weighting coefficient matrices. Similarly, Tornabene et al. surveyed several methods under the heading of strong formulation finite element method (SFEM) which can be found in [41] .
Though, some of the studies have been done on Winkler elastic foundation, but to the best of the present authors' knowledge, the article provides first time the frequency parameters of SWCNTs resting on an exponentially varying Winkler elastic foundation. In this article, EulerBernoulli beam theory in conjunction with nonlocal elasticity theory has been considered to illustrate the effects of the nonuniform parameter, nonlocal parameter, aspect ratio, Winkler modulus parameter and edge condition on the frequency parameter.
Review of nonlocal elastic theory
Nonlocal stress tensor σ at a given point x in conjunction to nonlocal elasticity theory can be expressed as [42] 
where τ is the classical stress tensor,
One may note that the volume integral is considered over the region V. Here α is the material constant and it depends on both external and internal characteristic lengths.
From Hooke's law, one may have
where C is the fourth order elasticity tensor, ε is the classical strain tensor and : denotes double dot product. It may be noted that Eq. (1) is the integral constitutive relation and it is very complicated to solve. Hence we need an equivalent form of this equation which may be expressed as [42] 
where ∇ 2 is the Laplace operator, e 0 is a material constant, a is an internal characteristic length and L is the external characteristic length of the nanostructure. Here e 0 a is the nonlocal parameter which shows scale effect in on the nano-structures.
Formulation of non-local Euler-Bernoulli beam theory
In this study, Euler-Bernoulli beam theory along with the nonlocal elasticity theory of Eringen [9] have been considered for the investigation. For this regard, one must have adequate knowledge about energies. Here we have considered x coordinate along the length of the beam and z coordinate from the mid-plane of the beam. One may express strain energy U as
where σxx is the normal stress, L is the length of the beam and A is the cross-section area. The strain-displacement relation may be given as
where εxxis the normal strain and w is the deflection function. Substituting Eq. (5) in Eq. (4), one may obtain
where M = ∫︀ A zσxx dA, is the bending moment. In this study, free harmonic motion is considered, i.e. w = w 0 (x) sin ωt, where ω is the natural frequency of vibration. Using free harmonic motion in Eq. (6), we may obtain the strain energy U as
The kinetic energy Tis given as
where ρis the mass density and A is the area of beams. Now the potential energy may be given as [43] 
where fe is the density of reaction force of elastic foundation and is defined as fe = kw w 0 . Here kw denotes the Winkler modulus of the elastic medium. Now by using Hamilton's principle
δT − (δU + δV) dt = 0 and setting the co-efficient of δw 0 to zero, one may obtain the governing equation as
Based on Eringen's nonlocal elasticity theory, nonlocal constitutive relation for EBT nanobeam may be expressed as
where µ is the nonlocal parameter which can be expressed as µ = (e0a) 2 with e 0 and a denoting material constant and internal characteristic length respectively, I is the second moment of area and E is Young's modulus. By using Eq. (10) and Eq. (11), M may be expressed as
Using Eq. (12) in Eq. (10), one may obtain the governing equation in terms of displacement as
Eq. (13) may be rewritten as
= ρAω 2 w 0 EI Let us introduce the following non-dimensional terms
Now, the proposed exponential variation in Winkler elastic foundation has now been expressed as
where Kw is the Winkler modulus parameter and η is a positive constant.
Using the above non-dimensional terms and Eq. (15) in Eq. (14), we obtain the nondimensionalized form of the governing differential equation as
Next we introduce an overview of the differential quadrature method.
Differential Quadrature Method
In this present investigation, Quan and Chang's [44] approach is taken into consideration along with ChebyshevGauss-Lobatto grid points which is expressed as
It may also note that this is a non-uniform grid points. One may express the derivatives of displacement function W(X) at a given discrete point i as [45] 
where i = 1, 2, . . . , N and N is the number of discrete grid points.
Here A ij , B ij , C ij and D ij are the weighting coefficients of the first, second, third and fourth derivatives respectively.
Determination of weighting coeflcients
Computation of weighting coefficient matrix A = (A ij ) plays very significant role in DQ method. As per Quan and Chang's approach, matrix A = (A ij ) can be computed by the following procedure.
For i ≠ j
After weighting coefficients of first order derivatives are computed, one may easily get the weighting coefficients of higher order derivatives by simply matrix multiplication which is given as follows.
Application of boundary conditions
Four classical boundary conditions such as SS, CS, CC and CF are taken it consideration in the present study where the letters S, C, and F denote simply supported, clamped and free edge conditions respectively. Let us now denote
Now, the weighting coefficients of higher order derivatives for different edge conditions are given as below.
Simply supported-simply supported
Clamped-simply supported:
Clamped-Clamped:
.
Clamped-free: 
Substituting the value of Eq. (17) into Eq. (16), one may obtain generalized eigenvalue problem as
where S is the stiffness matrix and T is the mass matrix.
Numerical results and discussions
Eq. (23) is solved by using MATLAB program which is developed by the authors and frequency parameters √ λ have been obtained. DQ method has been implemented properly along with the boundary conditions in the coefficient matrix. Following parameters are taken from [46] for computational purpose. 
Validation
Validation of the present method is done in two ways. Firstly, we consider Euler-Bernoulli beam with nonlocal parameter µ = 0 and non-uniform parameter η = 0. we compare our results of frequency parameter (︁ √ λ )︁ with those available in the literature [18, 28] for different Winkler modulus parameter and are given in Tables 1-3 . Secondly, we consider a nanobeam not resting on any elastic foundation viz. η = 0 and . our results of fundamental frequency parameter (λ) are now compared with Reddy [46] , Aydogu [47] and Eltaher [48] for different nonlocal parameters (µ) which are presented in Tables 4-5 . In Table 4 , aspect ratio (L/h) is taken as 10. Similarly, in Table 5 , fundamental frequency parameter (λ) for SS nanobeam is compared with Aydogu [47] and Eltaher [48] with aspect ratio (L/h) as 20. From these Tables 1-5 , one may observe close agreement of results with those available in the literatures.
Convergence
Minimum number of grid points have been obtained by studying convergence to obtain the final results. To show how the solution is affected by the grid points, variations of the frequency parameters ( √ λ) with the number of grid points are shown in Figure 1 and in Tables 6-9 for SS,CS,CC and CF cases. Here, we have considered L = 10, η = 0.2, µ = 1 and Kw = 10. The convergence is shown for SS, CS, CC and CF conditions. From this figure, one may note that with increase in number of grid points, the convergence is achieving fast. One may also observe that twelve grid points are sufficient to compute the desired results.
Effect of nonlocal parameter
In this subsection, first four frequency parameters Tables 10-13 . From these tables, one may observe that frequency parameters decrease with increase in nonlocal parameter except first fundamental frequency parameter of CF nanobeams. One may also notice that frequency parameters increase with increase in mode number. Here one important point to note that CC nanobeams are having highest frequency parameters than other set of boundary conditions. Figure 2 show variation of frequency ratio with nonlocal parameters for different edges such as SS, CS, CC and CF.
Effect of nonuniform parameter
Effect of non-uniform parameter η on first four frequency parameters is analyzed by taking non-uniform parameter η as 0, 0.2, 0.4, 0.6, 0.8 and 1. One may note that η takes positive values only. Tables 14-17 and Figure 3 illustrate the variation of frequency parameter with nonuniform parameter η for all the classical boundary conditions such as SS, CS, CC and CF. Here, computation is done with nonlocal parameter µ = 1nm 2 , L = 10nm and Kw = 100. It may also be noted from the graph that the frequency parameter decreases with increase in the non-uniform parameter and this decrease is more significant in case of higher modes. 
Effect of length-to-height ratio
In this subsection, effect of length-to-height ratio (L/h) on the first four frequency parameters has been analyzed for all the classical boundary conditions such as SS, CS, CC and CF. First four frequency parameters of nanobeam are given in Tables 18-21 Kw = 50 and η = 0.5. Graphical results are presented in Figure 4 ,where variation of first four frequency parameters with L/h has been shown. In this figure, varies from 10 to 50. 
Effect of boundary condition
One need to have adequate knowledge about boundary conditions for designing any engineering structures. It helps designers to gather some important information without carrying out detail experimental investigation. Therefore, it is quite important to study effect of boundary conditions on frequency parameter. So,the effect of boundary condition on the frequency parameter is studied in this subsection. Figure 5 illustrates variation of frequency parameter with nonlocal parameter for different boundary conditions. The values of parameters are taken as L = 10nm, Kw = 50 and η = 0.5 for plotting the figure. One may observe from the figure that CC nanobeams are having highest frequency parameter whereas CF nanobeams possess lowest frequency parameter. It may also be noted that frequency parameters decrease with increase in nonlocal parameter for SS, CS, and CC edge but in case of first mode of CF nanobeams, it is exactly opposite.
Effect of Winkler modulus parameter
Effect of Winkler modulus parameter (Kw) on the first four frequency parameters has been studied. First four fre- Figure 6 where variation of first four frequency parameters with (Kw) has been shown. In this figure, (Kw) ranges from 20 to 100 with an increment of 20. 
Conclusions
Vibration analysis of Single Walled Carbon Nanotube (SWCNT) resting on an exponentially varying Winkler elastic foundation is investigated by using Differential Quadrature Method (DQM). The numerical as well as graphical results are presented to show the effects of the Winkler modulus parameter, nonuniform parameter, non- local parameter, L/h and the boundary conditions on the frequency parameters. One may observe from the graph that the frequency parameter decreases with increase in the non-uniform parameter and this decrease is more significant in case of higher modes. It is found that clamped(CC) nanobeam possesses highest frequency parameters and cantilever(CF) nanobeam possesses lowest among all other types of boundary conditions. It is also found that the effect of nonlocal parameter is more in higher modes. One of the interesting observation is that fundamental frequency parameter of cantilever(CF) nanobeam does not decrease with increase in nonlocal parameter.
